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●

Lateralanddirectionaldynsmic-responsecharacteristicsof a 35°
swept-wingfighter-typeairplqnedeterminedframflightmeasurementsare

T presentedsmdconparedwithpredictionsbasedon theoreticalstudiesand.~_-
wind-tunneldata.FHghtsweremadeataltitude~of10,000smd35,000
feetcoveringtheMachrmiberrangesofO.x to0.81andO.x tol.ok,
respectively.Recordeddataconsistedof transientresponsesinyawing
velocity,rollingvelocity,andsideslipangletopulse-tyyemotionsof .
therudderandoftheailerons.Thesetransientdwtawereconverted
intofrequency-responseformby meansoftheFouriertmformation and
compsredwithpredictedresponsescalculatedfromthebasicequat~onsof
motion.Theequations,ortransferfunctions,thatbestdescribethe
variousmeasuredresponseswereevaluatedby a curve-fittingprocess
involvingtheuseof templatesad sn analoguecoqputer.By thismethod
itwasgenerallypossibletofindequations,of s3m@efozm,thatclosely
matchedtheexperimentalfrequencyresponsesbetween1 snd10r@ians
persecondandatthesametimeadequatelydescribedtherecordedtime *

histories.

E~erimenteUydeterminedtransferfunctionswereusedforthe
m

evaluationofthestdbilityderivativesthathavethegreatesteffect
onthedynsmicresponseof theairplane.Thevaluesofthesederivatives,
ingeneral,agreedfavorablytithpredictionsovertheMachnmiberrange
ofthetest.Therewerenotableexceptions,however,in somecasesat
theflightaltitudeof10,000feet. Thesediscrepanciessreattributed
to aeroelasticdeformationsofthewingandtail.

Anotherdeparturefrcmtheorywasdisclosedby evaluationsofthe -.
spirslrootwhichwasmanytimeslsrgerthan~ected.
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INTRODUCTION

NACARMA5J2Z17

Thisreportdescribesthesecondphaseof a flight-testprogram
beingconductedbytheNACAforthepurposeofdeterminingthedynamic-
responsecharacteristicsofa 35°swept-wingfighter-typeairplane.The
firstphaseofthisprogram>whichconsideredonlythelongitudinalcase,
wasreportedinreference1. Thepresentreportappliesthemethodsof
reference1 tothelateral-anddirectional-responsecharacteristicsof
thetestairplane.Frequencyresponsesandtheassociatedaerodynamic
derivativesareevaluatedfromrecordstakenthroughouttheMachnumber
rangesofO.~ to1.04at analtitudeof 35,000feetandO.n to0.81.
at10,000feet.

.—

Thetestproceduressndsnalysismethodsusedareessentiallythe
sameas describedinreference2. Transientresponsestobothrudder
andailerondisturbancesaremeasuredsndanalyzedtogivefrequency
responsesofyawingvelocity,rollingvelocity>andsideslipangle.
Responsestotransientratherthansinusoidalcontrolinputshavebeen

—
O*

chosenforanalysisbecauseof convenienceinmakingflightmeasurements.
Whilecertainaerodynamicinformationcanbe determineddirectlyfrom
transienttimehist&ies2theuseofthefrequencyresponseconcept r

allowsa morecompleteevaluationofthedynaid.cbehavioroftheair-
craft.Theeffectsofdifferentmodesonthe-over-allmotioncanoften
be shownmoreclesrlyinthefrequencyplane,especiallywhenthese —.
motionsarecomplicatedby structuraldeformation.

Inthisinvestigation,transferfunctionswithnumericalcoeffi-
cientsareobtaineddirectlyfromthemeasuredfrequencyresponses.
Supplementarycalculationsaxethenmadeto evsluatethoseaerodynamic
derivativesthatexertthestrongestinfluenceontheairplaneresponse.
DataofthistypeareofQsrticularinterestinthestudyofairplane-
autqpilot.mmbinations.Knowledgeoftheairplanetransferfunctionsis “
necessaryinthe”.determinationofthedymsmiccharacteristicsthatsre
requiredofanautopilotto satisfactorilycontroltheaircraft.

Whereveryossibletheresultsofthesetestsarecomparedwith
predictionsbasedonwind-tunnelandtheoreticaldata~d EC&owiththe
resultsofotherflighttests.

NOTATION

% liftcoefficient

,. q rolling-mcmentcoefficient

.

—

.

*
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yawing-momentcoefficient

side-forcecoefficient

()
theoperator d

m

momentofinertiaabouttheX

momentofinertiaabouttheZ

-productofinertia,slug-feet

realandimaginarypartsofa

wingsxea,squarefeet

veloci~,feetpersecond

weightofairplane,pounds

wingspan,feet

axis,slug-fe&squared ‘

exis,slug~feetsqusred

sqmed

complexquantity

accelerationdue.togravity,feetpersecondsquared

-

massofairplane,slugs

rollingveloci~,radianspersecond

dynsmicpressur~,p~uqlspersquarefoot

yawingvelocity,radimspersecond

ttie,seconds

angleofattack,degrees

sidesli~angle,radians(exceptasnoted)

flight~athsingle,degrees

controldeflection,radians(exceptas’noted)-

totalailerondeflection,radi~s

—
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‘U

rudderdeflection,radisms(exceptas

dempingratio

rootofthecharacteristicequation

realpartofa complexroot

angleofbank,radians

@ase angle,degrees

agle ofyaw,radians

frequency,radianspersecond

noted) .

P-

naturalfrequencyofoscillation,radianspersecond

~ed naturalfrequency,radianspersecond

ac!~
~ Perrtiian

+%
erradianrb2V’p

ac~
~9 ??erradian

aCn
~ wr r~ian

3Cn
~~ P= ra~=

aen
Wp er radian

a+
~l? erradian

acz
W$ Wr radian

aCn
m> Perradian
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TESTEQUIPMENT

NAC!ARMA5211.7

Thetestai~lsnewasa standardNorthAmericanF-86A-5withexter-
nalinstrumentboomstidedas showninfigures1 and2. Thephysical
characteristicsofthisairplaesredescribedintable1.

.

——
.

.

StandardNAC!Ainstrumentswereusedtorecordairspeed,altitude,
rollingandyawingvelocities,normalacceleration,angleofattack,
sideslipangle,andrudderandaileronpositions.AU recordingswere
synchronizedatO.1-secondintervalsby a commontimingcircuit.The
trueMachnu@erwasobtainedfromthenose-boomairspeedsystem
describedinreference2.

e
Rategyroswereusedtomeasureyawingsadrollingvelocitiesabout

thereferenceaxesoftheairplane.Theyawrategyrohada rangeof
kO.5radiansyersecondanda naturslfrequencyof10 cyclespersecond.
Correspondingvaluesfortherollrategyroweret2.Oradianspersecond
and18cycles~ersecond,respectively.Inbothcases,theda@ng ratios
wereqproximately0.7.Sidesl@anglesweremeasuredby a vane-type
pickupmd recordedonanoscillograph.Rudderandai~.erondeflections
weremeasuredlycontrolyositionrecordersthatwerelinkeddirectly
tothecontrolsurfaces.

.
Thedynamiccharacteristicsofrecordinginstrumentsareofextreme

importanceininvestigationsofthistype.A flightrecordingeneral
containsthecombinedresponseoftheairplaneandrecordinginstrument.
Iftheinstrumenthasa linearsecond-orderresponsewithknowndsmping
ratioandnaturalfrequency,thenitsresponsecanbe subtractedfrom
theconbinedresponseinthefrequencyplane.Obviously,it isdesira-
bletouseinstrumentswithcharacteristicssuchthatthenecess=y

..

correctionsarea minimum(i.e.,highnaturalfrequencyanddsmpingratio.
ofsp@oximately0.7). .

-%
_..+-A.=.-_—-...——-.““”

.
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. Thetworategyros(rollingandya@ng
mresentinvestigationwereconsideredtobe

velocities)usedinthe
verysatisfactoryinthis

respectandno correctionswereappliedto thedata.Becausethe*
responseofthesidesliyvane,however,wasunknownandsuspectedtobe
nonlinear,resultsobtainedfromthisinstrumentwerenotconsidered
reliableathighfrequencies.Thecontrolpositionrecorders(aileron “
andrudder)alsohadunknownfrequencyresponsesbuttestsof similar
installationshaveindicatedveryhighnaturslfrequencies,sothey
wereassumedto givevalidrecordsoverthefrequencyrsngeof interest.-

TESTPROCEDURE

.

Theflightproceduresconsistedessentiallyofrecordingairplane
responsestobothaileronandrudderdisturbances.Pulse-t~einputs
wereusedinallbutoneflightrun. AU_flightsweremadeataltitudes.
of10,000and35,000feetintheMachnumberrangesofQ.50to0.81and.
0.50to1.04,respectively.Thecorrespondingtrimliftcoefficients,
variedfrom0.17to0.07and0.51to0.12,respectively.

—
.

Whenonecontrolwasspecifiedasthedisturbingelement,theother
controlwasheldfixedduringtheentiremaneuver.Aftersupplicationof
thepulseinput,bothcontrolswereheldfixeduntiltheoscillatory

.

motionof theaircrafthadessentiallysubsided.Theairplaneresponses
usedintheanalysiswererollingvelocity,yawingvelocity,andside-
sliyangle.Sampletimehistoriesoftheresponsesofthequantities
to theappropriatecontrolinputscanbe seeninfigure3.

Allflightrunsat speedsbelowa Machnumberof0.95weremadein
trimmedlevelflight,buttoobtaindataat thehigherspeedsitwas
necessarytodivetheairplane.Flightaltitudeschangedasmuchas
2,000feetduringeachdivingrunalthoughtherewaslittlevariavlon
~nMachnumber.Nor anm~p~oses thealtitudeanddynamicpressure
wereassumedtobe constantat theiraveragevaluesduringeachrun.

t

was
..’

METHODOFANALYZINGEXPERIMENTAL
.

Thebasicmethodusedintheanalysisof the
describedfullyinreference1 butisbriefly

DATA

transientflightdata
summarizedhere.

>
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Theevaluationofthetransferfunctionsthatdescribethemotions

‘oftheairplanewerecarriedoutasindicatedinthesketch:

o1 Transientdata

r 1~

“ bt

“ “~
Fourier
transform

+

@ computeroutput

r

P

Check

I
4

J
AtAgue
computer

.

r/~ = *
D2+bD+c I ,,

@ Tramfer$unc-tdo. .

Thetransientresponseswerefirstcorrectedwherevernecessaryso
thatthemeasurements;ouldconfomntothestabilityaxesnotationthat
iscommonlyused. Thiscorrectionisexplainedinwegdix A. Thedata.
werethenanalyzedtoobtaintheFouriertransformationsby meansofan
IBMmachinecalculatingmethodemployinganadaptionofSimpson’srule. .
Thesecalculationswerecarriedoutata numberoffrequenciesbetween
0.5and16radianspersecond.Theresultantfreqtiencyresponseswere
plottedas.shownintheformofamplituderatiosandyhaseangles.

As discussedins@pendixB, thetypeof inputusedinflightdefi-
nitelyplacesa limitontheaccuracyoftheFourieranalysisofa tran-
sientrecord.In general.,toobtainthewidestusablefrequencyrange
a pulse-typeinputshouldbe used.Whenlowfrequencies(below1 radian
persecond)aredesired:a stepinputispreferablealthoughthistype
ofdisturbancemayresultinmotionsthatexceedtherangesoflinearity.
Themethodused,whilesubjecttotheselimitations,isextremelyaccurate
providedthattheflightrecordsaretabulatedatenoughtimeintervals
to clearlydefinethedata.

Thesecondstepconsistedoffittingthegraphicalfrequency
.

responsestoa setofdynamicresponseteqplateswhichdefinethefirst-
andsecond-orderCO.UIpbX functions l+iusndl+2bu-u2 where u iS -

.
—-
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a nondimensional.frequencyvsriableand ~ thedampingratio.Thisset
ofteqlates,asdescribedinreference3, containedonepairoffirst-
ordercurves(amplitudeandphase)anda familyof second-ordercurves
withdifferentvaluesoftheparsmeter~. BY combiningtemplatesin
thepropermanneritwasgenerallypossibletofindoneconibinationthat
wouldcloselymatchbothamplituderatioandphase-angleplots.This
psrticul=combinationdefinestheequation,tith~roximatenumerical
coefficients,thatmostnearlydescribesthegraphicalfrequencyresponse.
Thisequationisnormallyreferredtoas thetransferfunction.

Thefinalstepoftheanalysisinvolvestheuseofan analoguecom-
yuteronwhichtheairplanetransferfunctionsaresetQ. Ifa time
historyofanactualrecordedcontrolmotionis supyliedas am inputto
thecoquter,thentheoutputshouldbe i}denticslto theresponse,. measuredinflight.Sincethetemplates-giveonlyapproximatevalues
ofthecoefficients,thesevalueswerealtereduntiltheoutputof the
computersatisfactorilymatchedtheexperimentaltimeresponse.Thus,
insdditiontorefiningtheresults,thecomputerautomaticallyfurnishes

. a checkonthepreviouscomputations.

Afterthe’transferfunctionsthatdescribethevariousairplane
4. responseswereobtained,thestabilityderivativescn~ycz~~C%J %p~

% 6aJ~d Cn
%

wereevaluatedasexplainedina latersection.

RESULTSANDDISCUSSION

Theresultsdiscussedinthefollowingparagraphswereobtained
fromtransienttimehistoriesas explainedintheTretioussection.
Flightevaluatedfrequencyresponses,transferfunctions,andstability

..

derivativesare
tunneldataand

Plottedin

presentedandcomparedwithpredictionsbasedonwind-
theoreticalstudies.

FrequencyResponses

.
figure4 sxetypicalflightevaluatedfrequencyresponses .

ofrolli~velocity,yawingvelocity,smdsfdeslipangletoruddersmd
alsotoaileroninputs.Thesewereallobtainedat analtitudeof
35,000feet;responsesfor10,000feetshowedsimilarcharacteristics.
andhavenotbeenplotted.Thepurposeof thesefiguresisto show
generaltrendswithvaryingMachnuniber,andthereforesmoothcurves
havebeenfairedthroughthecalculated-testpoints.Inmostcasesmore
thanoneflightrecordwasanalyzedat eachflightspeedinorderto
checkthedataforconsistency.Onlyatthehighesttestspeeds(above
a Machnuniberof1.0)wasthereappreciableinconsistency.

-%-<
--
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.
TheresponsestorudderinputshavenotbeenTlottedatfrequencies h .,

greaterthan8 radianspersecondbecausetherewasconsiderablescatter
andslsoa lackofwell-definedtrendsinthedataat thehigherfre- +.
quencies.Theaileronresponses,however,me shownto16radiansper
second.Wherevernecessaryforclsrityorbecauseoferraticdata,
partsofsomeofthecurveshavebeenomitted.The ~/ba responseiS
shownatonlythreespeedsbecauseofa failureinthesideslip–angle
recordingsystem.

Withminorexceptions,thecurvesshowconsistentandgradualvari-
ationswithMachnumber.Onesuchexceptioncanbe seeninfiguresk(d)
and4(e)wheretheamplitudesof P/ba andr/8a ataMachnuniberof0.61

..

lackthecustomaryresonantpeaks.Thisistheresultoftimehistories
inwhichtherewasnooscillatorymotion.Thtsunusualcharacteristic
canbe explainedby referencetothepredictedtransferfunctionsdevel-
opedinappendixC anddiscussedinthefollowingsection.Thepredicted

—

P/ba responseequationforaMachnumberof_o.6at35,000feetis
=

“y
a.

L: 21.l(&’+o,455D+_47.-—
5a (D+O.00113)(D+20~~0 .43

—

—= n.

It canbeseenthatthetwoquadratictermsarenearlyIdenticsland
thustheoscillatorymodeiseffectivelycanceled.Sincerollingand
yawingmotionsarecoupled,the r/5a responsemustexhibitthesame ..
characteristicsatthisparticularspeed.

Anotherinterestingyointwithregsrdtofigurek(e)isthewide
variationinphaseanglesatdifferentflightspeeds.I?redictedtrans-
fec-functionsindicatethatat low speeds (below a Ma& n~ber ofoo7)
where Cnba isnegative,thephaseanglesapproach-2’j’0°asymptotically
withincreasingfrequency.Unpublishedwind-tunneldataindicatethat
nesra Machnuniberof0.7thereisa transitioninwhich C%a becomes
positiveandconsequentlythreeofthecoefficientsinthenumeratorof
thetransferfunctionchsngesign.Theresultisan increaseof1800..__
inthehighfrequencyphaselag.”

Thefrequency-responsetestpointsderivedfromflightdataata
Machnwber of0.81havebeenreplottedinfigure5 whichshowsallsix--
responsesforthe35,000footaltitudeandthe r/5randp/8a responses .:

for-10,000feet.Theseresultsaretypicalinindicatingthedegreeof”
scatterusuallyencounteredintheFourierahalysisofa particular
flightrecord.Plottedas solidlinesforcomparisonarepredicted

—

responsesthathavebeencalculatedusingest-mtesofthevarious
stabilityderivativespresentedintable11,whichwereobtainedfrom - -“
reference4 andalsofromwind-tunneltestsby themanufacturer.These
calculationsweremadeas showninappendixC,usingtheexactlinear ,
fourth-orderresponseequati .. Th _

e??
ntbetweenmeasuredand

.—.— ..—J.—-
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, predictedresponsesis generally goodexcept,insomecases,atthe
extremesof thetestfrequencyrange.

w Inadditionto thepike-typeinputs,a stepdisturbanceofthe
rudderwasusedinoneinstanceata Machnumberof0.81inorderto
moreclesrlydefinethelowfrequencyportionsofthe -p/brandr/~
frequencyresponses.ResultsofthisanalysisfromO.1to1.0radisns
~ersecondsreplottedinfigures5(a)and5(b)andarediscussedin
moredetailina latersection.

AbO shownas
5(h)sreresponses
beensimplifiedas

dottedlinesinfigures5(b),5(c))5(d)~5(g)~and
computedfrompredictedtransferfunctionsthathave
indicatedinthefollowingparagraphs.

TheoreticalTransferFunctions

* It iS shown
be factoredinto

inappendixC thatthecharacteristicequationA can
theform

A =D(D-kl)(D-ha)(D2+c=D+c2)

srethespiralandrollingroots,respectively,and
where Cl andC2 are coefficientsthatdefinetheoscillatorymode.
By neglectingh= (whichisusual.lyverysmall)andby omittingother
smslltermsthat~pear inthenumeratorsof thevariousresponse

r equations,threeofthesixresponsesmaybe reducedto thefollowing
simpleforms:

(1)

P_Aa———
ba D-k J

It isalsoshownthatby makingadditionalassumptionsas torela-
tivemagnitudes,thecoefficientsAZ,c=,amdc= can be expressedas
>; ~(NL~;B),~d N~’,respectively.Furthe~ore,sinceB3- N%’

3- ar,equations(1)canbe writtenas

. r N~ ‘D
—=
~D ~(Nr+Y~)D+N~t (2a)

.
-—
,—-- -—..——~ 3~.
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. .

(,z!b) -

It canbe seenthatinequations2(a)and2(b)thespiraland
rolling-modes=e completelyneglected,andyet,as showninfigures
5(b),5(c),and.5(g),thesesimplifiedtransferfunctionsyieldresponses
thatareatiostidenticalto thoseobtained?romthe“exact”equations
forfrequenciesgreaterthan1 radianpersecond.Similarly,the
responsecomputedfromequation2(c)closelymatchestheexactresponse
(fig.5(d)) overthefrequencyrangeshownexceptthatitomitsthe
smsllpeaknormallyassociatedwiththeoscillatorymode. Thespiral
modewhichhasbeenneglectedinallthreeshnpleequationsappearsto
haveno effectonthecalculatedairplaneresponseexcqptatfrequencies
wellbelow0.1radian~ersecond.

.-

—

—

.

ExperimentallyDeterminedTransferFunctions

Intheanalysisof theflightdataitwasfoundthatthefrequency
responsesof r/&, ~/&.,andp/5a couldbe successfullysimulatedby
simpletransferfunctionsofthesameformsas equations(l). Solutions
oftheseequationsontheanaloguecomputer;usingfinal‘lbestffvalues
ofthenumericalcoefficientswithactualcontrolmotionsasrecorded
inflight,resultedinoutputsthatcloselymatchedthemeasuredtime
historiesof r, ~,andp as showninfigure3. Thisfactimpliesthat.
themodesofmotionthatme neglectedineachcasehaveverylittle
effectonthetimeresponsetoa pulse-typeinput.

By useofthecoefficientsthatbestdescribethemeasuredtime
histories,frequencyresponseswerecalculatedforcomparisonwiththose
deriveddirectlyfromflightdata.Exsn@esof thesecalculationsare
shownbythedash-dotlinesinfigures5(b),5(d),5(g),and5(h).These
curves,ingeneral,matchtheexperimentalpointscloselyforfrequencies
between1 and10radianspersecond.

Thee~erimentallydeterminedvaluesof thecoefficients2,2,cl,
and~(usingthenotationofequations(1))havebeenplottedinfigure6
audsreco~aredtoyredictedvaluesofthesamecoefficientsthatwere
obtainedby factoringpredictedcharacteristicequationsforseveral
differentMachnumbers.To givesomeideaof theerrorsinvolvedinthe
assumptionsofequations(2),predictedvaluesof ~, Nr + Y~,andN~T

—

.
—

—

.
.“

JgNgmm!?i&-- ——-.
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havealsobeenplottedfor

. 13

cmqparisonwiththecoefficientsk=,cl,and
c=. It qppearsthat,forthis~articularairplane,theassump~ion~-sre
validandthatthesimplifiedtransferfunctionsforma logicalbasis
fortheevaluationof stabilityderivatives.Theflightevaluatedcoef-
ficientsc1andc= havebeentransformedintothecustomsryundamped
naturalfrequencyanddampingratiodesignationsandareplottedinthis
forminfigure7.

It issppsrentfromequations2(a)and2(b)thatthesameinforma-
tioncanbe obtainedfromeitherr/~ or ~/~. Coefficientsev~uated
fromeachoftheseresponsesagreedfavorablyinmostcases;however,
becauseof indicationsthattheyawrate-o gossesseddynamiccharac-
teristicssuperiorto thoseof
ityresponseswereusedinthe

Thetransferfunctionsof
andP/ba werenotsmenableto
thatthe p/br responsecould
functionofthetype

u—

thesidesllpv&e, onlytheyawingveloc-
finalcalculations.

thethreeremainingresponsesT/~, r/~a,
simplification.However,itwasfound
bematchedsatisfac%orilybya transfer

a=(D+a=)(D+a=)

whichisthesameformasdevelupedinappendixC
modehasbeenneglected.As writtenhere,a, is

-.

exceptthatthespirsl
identicslto L~~

while a2 andas arecomplicatedconibinati&sofderivativesth~kcm-
notbe readilys~lified. Althoughthisequationcloselydescribesthe
measuredtimehistories(fig.3),itwasdifficulttofinduniquevalues
of thenumeratorcoefficients.Changesinoneofthesecouldbe compen-
satedforby correspondingchangesintheothertwo,andthevalueswere —
notconsideredtobe reliableenoughforpresentation.

Definitionof the r/haand~/ba responsesrequiredfourth-order
transferfunctionsthatincludeallthreeqodes,andbecauseofpractical
difficultiesinvolvedno attemptwasmadetoevsluatethecoefficients
of theseresponses.

StabilityDerivatives

In additionto thequantities~, Nr +y~, N~’,N~\~dLba’, that
weredeterminedasmentionedinthepreceding~aragrqphs,thecoefficient
L$S wasevaluatedfromthetimehistoriesofrollingandyawingvelocity
as showninreference~;“ThismethodisbrieflyoutlinedinappendixD.
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ThequantitiesNp>LB}
Npf,L~?,N#, andLbat by

NACARMA52117

NM, smdL5a
.

canthenbe calculatedfrom
usingthefollowingexpressionsobtained

fromtherelationships–developedin~endix C: *—
.

Np1-rzLPt
NP =

1-rXrz

Lpt-rxNpt
‘B =

l-rxrz

Nbr= ‘~’ ‘rZL~r’

1-rX~
——

L~af-rXN~at
Lb .
s. l-rXrZ

. .

*

Becauserx andrZ areverysmallqua@ities,wind-tunnelestimates
of L~t wereassumedtobe sufficientlyaccuratetouseinthecalcula-
tionof l?~r.Theterm rXY~a’wascompletelyneglectedin evaluat-
ing L~a.

—

FinallY,fromthedefinitionsgiveninthenotationit ispossible
toevaluatethederivatives%p~ cn~~ctp~cn~r~‘d Ctba”

Theanalysismethodsusedhereindo notallowtheseparationofthe
dampingterm Nr + Y~. As comparedto Nr,thetegm Y~ issmalland
cangenerallybe predictedaccuratelyfromwind-tunnelmeasurements.
Tkereforevaluesof Cyn givenintableII_wereusedin calculating —r~nr fromthequantity“Nr+ Yp.

Theflightevaluatedderivativesforboth
againstMachnumberinfigures8 and9. These
dietedvalueslistedintableII. Throughthe

sltitudessreplotted .-
arecomparedto thepre-
speedrsmgeofthetest

thepredictionsforbothaltitudessreessentiallythemme, exceptas
notedintheplotof Czp. Q

#
Thecorrelationbetweenpredictedderivativesandthoseevaluated

fromfli@t at 35,030feetisgenerallygoodexcept,insomecases,at -
sPeedsneara Machnumberof1.0wherethepredictionssreapttobe “=-:“:
inaccurate.UnpredictedvariationswithaltitudearealsoapparentIn ‘ 7-
theflightvslucsof Clp>c ~ At a Machnumberof0.8the ‘~ ‘

&
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valueof Cnr for10,000feetislessthanonehalfthevalueat 35,000
feet.Flightdataofreference4-whenexpressedinthisformshowa
similsrtrend.Theplotof Cnar indicatesthessmetendencytoa
lesserdegree,whilethe10,000-footvalueof C
50percenthigherthanthevalueat 35,000feet.

~ (atM= O.8)issome

Valuesof Cl determinedintheTresentinvestigationagreefavor-
ablywithwind-t~elresults,whilethosereportedinreference6
(obtainedfromstaticflighttestsofthesameairplane)aremuchsmsller
inmagnitude.It appesrs,however,thattheresultsofreference6 are
subjectto errorbecauseofthesimplifyingassumptionsmade. A more”
rigorousapproachwouldhaveresultedinlargervsluesof thisderivative. .—

Examinationoffigure9 showsthecontroleffectivenessderivatives
Cnb andCzaa tohavestiilsrvariationstithincreasingMachnumber,
andineachcasethemeasuredvaluessregenerallysmsllerthanTredicted.

.—

Valuesof ClEa obtainedintheTresentinvestigationagreeclosely
. withthosepresentedinreference7 whichagainwereevsluatedfrom

flightmeasurementsofthesameairplane.
,- In thisinvestigationtherewasno evidenceofnonlinesrvariations

ofrollingoryating-mcmentcoefficientstith p,.r, or p.
.-

Thiswas
concludedbecause(1)theperiodanddampingoftheoscillationsfol-

—.

lowinga controlinputwereessentiallyconstantineverycase(no
systematicvariationstithamplitude),and(2)the~ertientaltime
historiescouldbematched,ingeneral,by differentialequationswith
const=tcoefficients.

——.

No conclusionssredrawnastononlinesrmomentcoefficientvaria-
tionstith baor ~ becausethemagnitudesof thecontrolinputswere
notvariedapprecishlyduringthetests.Theyweresmallenough,however,
sothatit couldbe assumedthatthelinearraugeswerenotexceeded. .

AeroelasticEffects

Althoughthepresentinvestigationwasnotconductedforthepur-
poseof studyingaeroelasticity,thetestresultsdo showtheinfluence
of structural.deformationasindicatedinthediscussionthatfollows.

Effectsathighfrequency.-Thefrequency-responsemeasurementsof
-p/baindicatea modeofmotionathighfrequenciesthatisnotconsis-
tentwiththerigid-airplaneequationsgivenin~endi.xC. According

. to theseequations,thesmplitudeof thisresponseshouldspproachzero
(ata slopeof -1onalogarit

*

c plot)asfrequencyincreases,while
thephasesngleapproaches-,c~&~. Ex~inatio~of

—
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figure~(d),however,showsan increaseinphaseangleanda gradual
decreasein amplitudeattenuationatfrequenciesgreaterthan20radia&!
persecond.ThesedataindicatetheZresenceofaaadditionalhigh
frequencymodewhichconceivablycouldcorrespondtotheprimarybending
frequencyof theairplanewtng(about8 cps).A mOdeofthistypecan
be includedintheequationsofmotion,ingeneral,by introducing
additionaldegreesoffreedomwhichwillrelatethemassendstiffness
characteristicsofthewingto actualmotionsof theairplsne.From
Turel.ygeometricconsiderations,bendingofa swept-backwingisaccom-
paniedby a changeinangleofattackand,whenthemotionsof thetwo
~l?~els me Outofphase,thereisa resultantrollingmoment.Thus
itisreasonabletoexpectwingbendingortwisttohavea noticeable

--

?

.

—
,

effectontherollingresponseoftheairplane.

Effectsonflightevaluatedstability“derivatives.-Testvaluesof
Cz
?

showninfigure8 indicatea variationnotonlywithMachnumber
bu alsowithaltitude(dynsmicpressure)whichmaybe theresultof
inertialoading.

Whenthe”a@planeisaccelerated-inroll.,inertiaforcescausethe
twowingpmels tobendinoppositedirections.Theresultingan@e-of-
attackvsriation~roducesa momentthattendstomodifytherateofroll.
ThiseffectC= be consideredinthebasic-equationsofmotionby the
introductionof aCZ@& thevariationofrolling-momentcoefficientwith
rollingacceleration.Thenletting

%?
qsb&JJ.=—
IX aj

equation(C4)maybe writtenas

It

in

in

shouldbe notedthattheinclusionof 1$ i,sanalogoustoa ch~ge .
themomentofinertiaabouttheX axis.

Ifeachtermisdividedby (1- I&)thenthisequationisparallel
formto equation(C4),and%hesimplifiedtremsfe~

becomes
p _Lba/l-~——
ba ‘-(%/1-%)

Thusitappearsthatthetw~derivativesas evaluated
areactuallyClp/(l- ~) and cz@ -I@). Fora
~ isa Tositivequantitythatincreaseswithdynamic

.-.

E’unctionfor P/6a

hornflightdata
swept-backwing
pressure;sothe

—

.

.-
%

.—

.-

--

.

-..,
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.
measuredvaluesofthetwoderivativesshouldalsoincreasewithdynamic
pressure.

T
The-testmeasurementsof %p clearlyshowthistrend,butinthe

;aseof Czb therewasno ~reciablevsriationwithaltitude.Theo-
reticalstud?es,however,audalsowind-tunneltestsofflexiblemodels
(suchasdescribedinreference8)haveclearlyindicatedthat,inthe ‘
absenceofinertialoads,theaileroneffectivenesswillingeneral
decreasewithincreasingdyusmicyressure,theprimarycontributing
factorbeingthetorsionslflexibilityofthewing.

Ithasbeenshownin”reference8 thatthederivativeCl will
SQO varywithdynsmicyressure.ForstraightwingsthereW& generally
be sn increaseinthenegativevalueof cz~swhileforhighlyswept-
backwingstherewillbe a decrease.Presumablythere%ssm intermediate
sweepangleatwhichthereisessentiallynovariationin Cz with
dynamicpressure.

p.

.
Inorderto substantiatethishypothesisregardingtheeffectsof

elasticity,numericalcalculationsweremadeusingthemethodofrefer-
. ence9 to estimatethevariationswithdynamicpressureof thequanti-

ties CzT,CZba,ad %* Thesecalculationswerebasedon information
suppliedby themanufacturerregardingthemassdistributionandstiffn-
ess oftheairplanewing.Whilenotagreeingquantitativelywiththe
measuredvariations,theresultsdidshowthesametrendswithdynamic
pressurethatwereobservedintheflightevaluatedderivatives.More
specifically,thecalculationsindicatedthat % ~a decreasesmuchmore
rapidlywithincreasingdynsmicpressurethandoes C2 . Furthermore,

~ thatof Cz~_.thevsriationof (1> I+)wasapproxtitelythesamea

.

This
with
tion

that

indicatesthatan increaseintheeffectivederivativecl/(l-:I@)
?Ldynamicpressurecsnbeexpectedeventhoughthereislitte varia-

in &J(l -q)*

Similarsrgumentsmaybe advancedto explain‘daealtitudevariations
werenotedin Cnr=d Cn&.

ofdistortionsofthefuselage-’&nd
loadings.

Responseat

These#variationscouldbe theresult
taildueto inertiaandaerodynamic

LowFrequency

As mentionedin auesrliersection,responsestoa rudderstep
disturbancewererecordedh flightinorderto checkmainlythelow
frequencyportionofthe r/6r frequencyresponse(Oto1.0radiansper
second).As showninfigure~(b),theresultsofthisanalysisverify

_——_._. . ._
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thepredictionofa sharpattenuationinsqplitudeata frequencyof0.4
radianspersecond.A stepinputwasusedinthisparticularcasebecause
itgivesmuchmoreaccurateresultsatlowfrequenciesthsma pulseinput.
Thequestionof controlinputsisdiscussedmorefullyinappendixB.

Althoughnotshowninfigure5(b),thezerofrequency(steady-state)
amplitudeof r/& was me~uredtobe 1.44.ascontrastedto a valueOf
169.0predictedfromtheexactequation.Similarly,thesteady-state
amplitudeof p/~ wasmeasuredas1.75,whilethetheoreticalequations
indicatethatthisvalue shouldbe zero.Thesediscrepanciescanbe
partiallyexplainedinviewofthefollowingdiscussion.

Thelinearequationsofmotionusedhereinarevalidonlyforsmsll
angulardisplacements.Whenthestepdisturbancewasa~liedinflight,
anangleofbankofapproximately700wasreachedbeforethemotionsof
theairplanebecamesteady.In thesideforceequation(equation(c6))
theterm Kltp isactuallya linearapproximationof K1 sinCpand
obviouslyisvalidonlyforsmallbankangles.To determinetheeffect
ofthisnofiinearityonthepredictedairplaneresponses,timehistories
of p, r, and9 werecalculatedonananal.oguecomputerfora rudder
stepinputofthesamemagnitudeasappliedinflight.Predictedvslues
ofthevariousstabilityderivativeswereusedandsolutionswereobtained
firstwiththelinearqproxtitionKlq andnextwiththenonlinear
KI Sill~. Resultsobtainedfromthenonlinearequationindicatedthat
therollingvelocityresponsewouldreacha finitesteady-statemagnitude
as seenintheflightrecord.In.thecaseoftheyawingvelocity
response,however,theeffectofthenonlinearitywassuchastoreduce ,
thesteady-statevaluesomewhatbutnotnearlyenoughtoaccountforthe
extremedifferencebetweenflightmeasurementsandpredictions.

Therelationshipof’spiraldampingtothezerofrequencysmplitude
offersanotheryossibleexplanationforthisdiscrepancy.Althoughthe
basicanalysismethodsusedinthisreportgiveno informationconcerning
thespiralmode,~redictionsindicatedthatat a Machnumberof0.8at
35,000feetthespiralrootwas-0.00070whichleadstothepreviously
mentionedsteady-statemagnitudeof169.ofor r/~. ThesubsidenceOf
thismodewasclesrlymeasurable,however,intheyawingvelocityresponse
totherudderstepinput.A linewasdrawnthrou@thecenteroftine
freeoscillationstorepresentthespiralmodeandtherootwasmeasured
as -0.07insteadof -0’.00070aspredicted.

Thismeasurementwasverifiedby examiningrecordedtimehistories
of yawingvelocityresponsesto aileronpulseinputs(e.g.,fig.s(b)).
On eightflightrecordstakena-tMachnunibersbetween0.5and0.9the
spiralrootwasfoundtovw from-0.06to -0.09.It canbe seenthat
thediscrepancyinspiralsubsidenceisofthesameorderofmagnitude
asthediscrepancyinsteady-statemagnitudesof r/>.

.

-.

*

.

—

.-

..

.
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InthecharacteristicequationthecoefficientCo isgenerally
verysmallas comparedto C,;andthusthetheoreticalspiralrootcan
be expressedquiteaccuratel~as simply

whichis~roxtiatelythesaneas

(3)

(4)

Allthequsmtitiesontherightsideofthisexpressionexcept& have
beendeterminedexperimentallyandfoundto agreereasonablywellwith
predictedvalues.Eventhoughtheterm ~N~ - NrL~ representsa sm~l
differenceoftwolargenunibers,it is inconceivablethattheerrorsin
Np,Nr,orLP canbe of sufficientmagnitudeto accountforthelarge
deviationinthespiralroot. Thereforeit appesrsthatthisdiscrepancy
mustbe atleastpsrtiallydueto anerroneousesttiateof ~. By
rearrangingtermsinequation(4)

Usingexperimentalvaluesof allquantitiesontheright-handsidefor
thecaseof0.8Machnumberat 35,000feetresultsina valueof -4.2
for Lr as contrastedtotheoriginalpredictionof0.844.Further
studyshowedthattheresultingvalueof ~ wasnotqrpreciablychanged
by usingmoreexacte~ressionsinplaceof-
assumingthatallexperimentallydetermined
ofequation(5)srecorrect,Czr musthave
o.1o8asyredicted.

equations(3)and(4). Then
valuesontheright-hudside
a valueof-0.537rather*=

EffectsofMinorDerivatives,Productof
Inertia,andFlight-PathAngle

Theresultsofthisreportindicatethata lmowledgeof CnP)CZ~2
c andCy is sufficienttodefinetheoscillatorymode,thatthe
r~fiingmod~isprimarilya functionof Czp,andthatthespiralmcde -.
isdefinedby Czv,Cnp>Cnr~CZB>~d C2P. Thereforeitwouldwpesr
that C

%
haslittleeffectonthedynsmicbehaviorofthetestair-

~lanean that Czr influencesohlythespiralmode. Becausederiva-
tivessuchas

c% andClr areusuallydifficultto estimate,the

.

,
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questionmayariseas towhetherlsrgechangesineitherof thesederiva- .

tiveswillappreciablyaltertheairplanestability.If erroneousesti-
matesof C% sndClr had,beenusedinthisreport,wouldthesirfrplifi-
cationsmadeinappendixC!stillbe vslid?Similarquestionsmayarise

.

regardingtheeffectsofyroductof inertiaandflight-pathangle.For
thisreasontable111hasbeenprepared.-Thistableshowsthemannerin
whichradicalchangesineachoftheabove-mentionedquantitieswill
effecttherootsof thecharacteristicequation.

,-
In thisexaqple,theo-

reticaldatafora Machnumberof0.5andanaltitudeof 35,000feetwere
used. Ssmplecalculationshaveshownthatat thisspeedandaltitudethe
effectstobe consideredaremoreextremethanforanyoftheotherflight
conditionscoveredinthisinvestigation.. .-r=

Examinationoftable111showstrendsthathavebeenverifiedin
manyotherinvestigationsofthistype.

—
Extremelylargechangesin

cm resultinvariationsofallfouroftherootsalthoughonlythe
oscillatorydampingisgreatlyaffected.On theotherhandchangesin
C2 , aspreviouslyintimated,causelargevariationsinonlythespiral
da&ing. Variationsin I= a~earto influenceslltherootsexcept -
thespiralroot,withthelargesteffecton,theoscillatorydamping.
Finallytheintroductionofa flight~athangleintotheequationschanges
thespiralrootradically,butevenforanangleof -m” thereisvery

.—<
littleeffectontheotherroots.

.
Lookingat tableITIfroma differentpointofview,itcanbe seen

thattheoscillatorydsmpingisinfluencedto someextentby eachquan-
tityconsideredandthusisoftendifficulttopredictaccurately.This

—

obviouslymeansthatthe~ression Nr + Yp maynotalwaysbe adequate
indefiningtheoscillatorydemping.

CONCLUDINGREMARKS

A flightinvestigationhasbeen~erformedon a 35°swept-wingfighter-
typeairplaneinwhichdynamiclateral-anddirectional-responsecharac-
teristicsweremeasured.Transient-typeresponsestorudderandaileron
disturbanceswererecordedataltitudesof10,000and35,000feetinthe
MachnumberrangesofO.n to0.81andO.m to1.04,respectively.Frm
theresultsofthemalysisofthesedata,thefollowingstatementscan
be made.

Airplaneresponsesinyawingvelocityandside-slipangledueto
rudderdisturbsacescanbe representedby s%cond-ordertransferfunctions
thatarerelatedsolelytotheoscillatorymode. Simplefirst-order
equationsadequatelydefinetherollingvelocityresponsetoanaileron
input. Itwasfoundthattheseequationswouldcloselydefineanentire
measuredtimehistoryandalsodescribethecorrespondingfrequency

E!!zdF-ersecm’”reqonsethroughtherangeof~~o,~. . —

●

●
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Fourth-ordertransferfunctionscalculatedfromthebasicequations
ofmotionusingwind-tunnelandtheoreticalestimatesofthevarious
stabilityderivativescm be simplifiedby neglectingsmallquantities
andby makingapproximatecancellationsuntiltheysreofthesameform
asthoseevaluatedfromflightdata.Furthermore,itwasyossibleto
~ress thecoefficientsofthesetrsnsferfunctionsintermsofindi-
vidualstabilityderivatives.Frequencyreqonsescomputedfromthese
sim@ifiedequationswerealmostidentical(between1 smd10radiansper
second)tothosecomputedfromtheexactfourth-ordertransferfunctions)
andwhencomparedwithexperimental.resultstherewasgenersll.lygood
agreement.Thusitis concludedthatthesimplifiedtransferfunctions
forma reliablebasisnotonlyfor~stimatingairplaneresponsesbut
alsofortheflightevaluationof stabilityderivatives.Themethods
usedherearefelttobe sufficientlygeneraltoerpplytoanyconven-
tionalairplane,withsomereservationregardingtheaccuracyof the
evaluationOf Cnr.

Experimentalvsluesofthederivatives%~~ C2BJCZ2ZC%s cn~>
andCIE comparedfavorablywithpredictions,basedontheoryandwind-
tunnel&asuremehts,atMachnuribersbelow0.95,whileathigherspeed3,
wherepredictionsarequestionable,therewasscmedeviation.Therewere
alsonotablediscrepanciesinflightvaluesof ~p andC&, obtainedat
the10,000footaltitude,whichwereattributedto structuraldeforma-
tionsresultingfromaerodynamicandinertialoads. ‘

WhentheFourieranalysisfor ~/~a wasextendedtofreq~en~ies
beyond10radiansTersecond,thefrequencyresponseshowedevidenceof
aeroelasticdeformationwhichqppearedasan additionalmcdeofmotion
notconsistentwithrigida&planetheory.

As thefrequencyapproacheszerothespiralmodebecomesthe~re-
dominamtfactorintheairplaneresponse.Thespiralrootwasmeasured
as -0.07(ata Machnumberof0.8)whichismanythes greaterthan
~redicted.To satisfactorilyaccowtforthislargediscrepancywould
requirea negativevaluefor C2r whichis contrarytotheoretical
estimates.

—

AmesAeronauticalLaboratory
NationalAdvisoryCommitteeforAeronautics

MoffettField,California

.
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APPENDIXA

TRANSFEROFAXES

Theequationsofmotionnormallyusedinairplanedynsmicsare
basedona systemofaxesfixedintheairplaneinwhichtheX axisis
theintersectionoftheplaneofsymmetryanda planeperpendicularto
theplaneofsymmetrythatcontainstherelativewindvector.Theseare
normalJyreferredtoasstabilityorflight~athaxes.Theangulardis-
Tlace?nentbetweentheX axisandthereferenceaxis-ofthea@planeis
equaltotheangleofattack.Sinc,erecordinginstrumentsaregenerally
alinedwiththereferenceaxis,measurementsofangulsrdisplacements
andratesmustbe correctedtoconformto stabilityaxesnotationas
indicatedinthefollowingsketchtakenfromreference5. Here q and
~ arevectorcomponentsoftheresultantrotationoftheairplaneand
thesubscript1 referstothereferenceorbodyexes.

VI

*lf– —— ——

z . —

Fromthesketchitcanbe seenthat

T=qlcosa+$lsha

V= $lcosa.-qlsina

Sideslipanglescanbe transformedbytherelation

B=$lcosa

Formostpurposestheseconversionsneedbe madeonlywhenthe
angleofattackislarge.Inthisinvestigationitwasfoundthatthe
correctionstorollingvelocityresponsescouldbe neglectedinallcases
because,foreithertype
tothatinroll. Inthe

ofinput,theresponseinyawissmallccnqpared
caseoftheyawingvelocityrecords,however>

&m&’

.

.

.-

.-
,-

.

i?
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. correctionswerenecessary.Whena rudderinputwasusedthiscorrection
wasnegligibleat thosespeedswhereanglesofattackwerelessthti2°,
butinthecaseoftheyawingresyonsestoaileroninputstheconversion.
hadtobe madeatallspeeds.Thecorrectionto 13wasneglectedin
everycase.

--

●

.

1

*’
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\CO~OL INPUTS -

Whenfrequencyresponsesaretobe calculatedfromtransientrecords, ‘
careshouldbe giventothechoiceofa suitableforcingfunction.The
frequencyrangethroughwhichaccuratetransfcumationscsnbe obtained
isdefinitelylimitedby theshqe ofthecontroliqput.Theoretically, ,
a pureimpulse(zerothe duration)isthemostdesirableinput forall
purposesbecauseit givesuniformexcitationtotheentirefrequency
spectrum.Thetransformofa stepinput,ontheotherhand,hasa mag-
nitudethatvariesinverselytithfrequencyandthusgivesinfinite
excitationtothezerofrequencycomponentat thee~enseofthehigher A
frequencies.

The nesrestphysical~roach toapue impulseisan inputthatis
roughlytriangularinshapeas showninthesketch:

.

k-T-+ t

Lettinga equaltheslopeand T equalthetimebaseofthetrisngle,
theFouriertransformationofthisinputcanbe obtainedfromtherelation

Integrationresultsina
imaginerypmts:

b(h))=
T

b(t)e-~tdt
o

trs.nsformationwiththefollotingrealand

.

.

-

,

—

—

(Bl)

(B2)

.

.
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Themagnitudeofthetransformation

.
lb!.*(l

isthen

1

#.

.
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It canbe seenthat Ib[ isyeriodicandiszerowhen m = 4fi/I’,
8n/T,..... At thesefrequenciesthetransformoftheresponsetothis
inputwouldalsobeizero,andthustheratioof oubut to inputwouldbe
indeterminate.A reductionin T wouldincreasetheyeriodandreduce
thenumberof indeterminatepoints.Thisis showninfigure10where
thetransformmagnitudesoftwotriangularyulsesare~lotted.Onehas
T = 1 secondanda = 4,tile theotherhas T = 1/2anda = 16. The
areasunderthetwotrianglesareequalsothattheirtransformshave
equalmagnitudesat zerofrequency.ReducingT frcanlsecondto1/2”
seconddoublestheperiodandmovesthefirstindeterminateTointfrcm
a frequencyof 4YCradianspersecondto 8Yt.Forprposesof c~~i-
son,trsmsformationsofa unitstepanda unitinqyd.searealsoshuwn. —

As T isfurtherreduced,themagnitudeofthetriangularpulse
morecloselyapproachestheconstantvaluethatis characteristicofthe
yurehqmlse. To gainfuJJadvantagefromthesmallerT, theslupe
mustbe increasedtomaintainthesameareaundertheyulse.A practical
limitationisfixedbythemaximumrateatwhicha controlsurfacecan
bemoved,andanyfurtherreductionin T resultsin smsllerover-u
magnitudes.Themostdesirableinput,therefore,isa c~rmi.sebetween
largeareaandshorttimeduration.

Fromfigure10 itwouldappearthat.apulse-typeinput iswell
suitedfordetermininglowfrequencycharacteristics.Eowever,the
followingqplanationwillshowthatthisisnottrue.

Generallyitis impossibletoreturna controlsurfaceyreciselyto
itsinitial~ositionafterapplicationofa pulseinput.Evenifa chain
stqpor otherdeviceisusedthereis stillaytt~be a smallresid-
deflectionafterthe T as showninthefollowingsketch:

--

$

—- — —
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If 62 isexactlyzero,thenas
(Bl)and(B2))

u a~roacheszero(fromeq~tions .

1--+0 ?

NOWif 52 isfinite,therealandimaginarypartsofthetransformof o
theentireinputare — —

,.

(
R=$cos~ l-.os~ -w

)
~ sinUT

..
,

In thiscaseas u + O,
.

thusthezerofrequencymagnitudeisinfinitelylargeregardlessofhow
small 52 msybe. Therefore,eventhough‘~ sppemstobe zeroona “ ‘
flightrecord(i.e., 5= islessthantheleastcountoftherecording :. -
instrument)thereis stillthepossibilityofaninfiniteerror’atzero
fre@ency.A stepinputisnotsubjecttotheselsrgelowfrequency
errors;anerrorof1 percentinthereadingofthestepdeflection
merelymesmsam errorof1 ~ercentinthetransformation.

*

.

. .
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APPENDIXc
PREDICTEDAIRPLANERESPONSES

ECJJATIONSOFMOTION

Thethreeequationsthatdefinethelateralanddirectionalmotions
ofanairplanewithrespectto stabilitysxessuchas develapedh refer-
ence10maybe writtenas:

“Lp
( -w~..;~ .: ----.

cJ)+ x@2-IxP2 - \~% Czpm ... ..- )q%C&D ~ - qm.Czpp= qsbCZJ”
-+

“i.- - ,, “ ; ,.. ...(C1):>..’-::-.

Bydividingequation(Cl)by Ix,equation(C2)by Iz,equation(C3)by
mV,andby introducingnewsynibols,thethreeequations“canbe written-
inthemoreconvenientformthatfollows:

(C4) .-
(-rZD2-

-K=9

Thecharacteristic
determinantto give

~h+ (D2 ‘Nr~)*--N@=N55, (C5) -—-.’ —-.——

+ (D-K2)V+(D-Y~)~=Y@ (c6) ,

CHARACTERISTICEQUATION

equationA isformedby ~anding themajor

A = D(C.# + C~Ds+ C& -I-CID+ Co) (C7)
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Thesecoefficientscanbe further
stistitutions:

Let

Thenthecoefficientsof
as

simplifiedbymakingthe‘following

Nr ? =Nr + rZLr
Np? =N~ + rzLp d

thecharacteristicequationarefin@lyexpressed .

C4=1-rxrz

N~-Yp(l - rxrz)

L-p’)Y~+(LpNr-NPLr)+N~t

-~Lr)y~ + (L#p -N@p),-K=L~’ -K#~i

In factoredform,equation(C7)is

A=D(D- Xl)(D-X2) (D-~) (D-X4)

where Al andAZ we designatedas thespiralandrollingroots,respec-
tively,andwhereX.=andX4 area complexpair(aY iul)thatdescribe ,
theoscillatorymode. —

ForconvenienceinthisinvestigationA hasbeenexpressedas
*

A= D(D- Al)(D- X2)(D2+ CID+ Ca)
.

=a.”
.
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where

c== La& = C2+ MI=

Here c1andc= we reslcoefficientsthatdefine
oftheoscillatory

Thequadratic

motion.

termmayalsobe writteninthe

(
wn2 l+2gL+q

)%,%,

d

29

thedsmpingandyeriod

fOrm

.
. where

L
. Snd

.

SIMPLIFICATIONSOF.THECHARACTERISTICEQUATION

Intheaecialcasewhenthef~ght-pathangle y Is zeroandwhen
theproductof inertiaisverysmall,itis oftenpossibletoneglect

.. co a?55y negecting othersmallterms,thecharacteristicequation
1 maybe writtenas

4 ., A= @ ~D3- (Lp+ Nr + Y~)w + (LpYp+ lLpNr+ N~)D- VP]
L

Thecub:cterrgcsmbe factoredexactlysothat

[ 1
A,=#(D - ~) D2”- (Nr+ Y~)D+ N@

.,
/ Thisformofthecharacteristicequationconsidersonly

J

/

I_
theoscillatory

, ad rollingmodes.Itenablesthecoefficients~, ~, andC~ tobe
~ressed directlyintermsof aercdynsm:cderivativesor simpleccsn-

.

binationsthereof.

,
Evenwhenthe~roductofinertiaissi~ficsntthecharacteristic

equationmaybe factored~roximekelyintothecomparables@ple form

[
A=+(D - ~) & - (~+Y~)D +I?pf

. 1
While thefactorizationisnot-exact,itisneverthelessjustifiable

inmany cases.

,
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w- FUN&lTONS

Fromthethreeequationsofmotiontheaiwlanereq?onsesin q,
equations,5$,and13canbe readilycalcul~ted.Inthefo-~owing

referstoeitheranaileronora rudderdisturbance.

where

—

.

>.

where

E= = Y&(l- rxrz)

; E= =--Y5(Nrt+~f) - Lbrz- Nb
----

.—

.

.

#
—
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.
Simplificationscanalsobe madeintheseexpressionsby-neglecting-
smallquantities;however,thiscanbe shownmoreclearlyinthenumeri-

7=
and

.

. .

.

~le thatfollows.

NUMERICALEXAMPIJIAT!M= 0.8

Usingvaluesof stabilityderivativesshownin
O,yredictedresponsesfor y = Dq,r =D~, and
rudderinputshavebeencalculatedandfoundto

D(D4+ 3.652D3+ 15.16D2+ 41.26D+

table11,andwith
j3forbothaileron
be

o.0289)

D(D+ 0.00070)(D+ 3.078)(D2+ 0.573D+

-7.60D(D+3.091)(D2+ 0.02’70D+ 0.208)

13.40)

A

5.16&(D+4.436)(D- 5.210)
A .

0.0339D(D+ 3.053)(D+ 225.3)(D- 0.00703) ‘
..A..._. -

0.699D(D+,3.978)(D2-1.758D+ 7.3X)
A

36.4D2(D2+ o.655D+ 13.68)
A

.
0.0008D(Di-0.990)(D- 1.094)(D- 870~

A

By neglectingsma~ terms,r/br canbe e~ressedas
.—

-7.60D3(D+ 3.091)
~= D2(D+ 3.078)(D2+ 0.573D+ 136~~

●

,.
,
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andthenby anapproximatecancellationthisreducesto

-7.60D=
D2 + 0.573D+ 13.40

Similarly,j3/8rcanbe slqplifiedby neglecting

.-

NACARMA52117

small termssothat

&= 7.64.N(D+ 3.053): 7.64
r E(D + 3.078)(E+o.57311+13.40)% +0.573+13.40

It canbe seenthatthise~ressionfor B/5r isTacticallyidentical ,
(with~osite sign)totheintegralofthes~lified equationfor
r/br. Itisalso~ossibletosiqplifyp/5a asfollows:

P 36.4F(IF+o.655D+13.68)—= 36.4
~a D2(D + 3.078)(D2 + o.573D+~3.40)%D + 3007~

Stilars~lificationshavebeenmadeforotherMachnumbersand
foundtobe equallyvalid.

..— .i

.

.
—

.-

.

.-
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Fromthe historiesofthefreeoscillatoryresponsesof p andr
itispossibletoevaluatethederivativec~ providedthederivatives

%$ andCl arelnmwn.Themethodemployed!se~lainedinsomedetail
%.inreferene 3 andisbrieflysumarizedhere.

Whenthethreeequationsofmotionareseteqpalto zerosmdwritten
indeterminantform,expansionoftheappropriateminordeterminants
aboutthethirdrowyieldscofactorsof g and~.

Thecofactorof ~, ~ is

~ =(rX= +L#)N~

[
=D LPiD+ (L@p

me q,,tityL#tp- N#~ is generallyverysmalland ~ canbe closely
approximatedas

Thecofactorof ~, ~

~=

=

Cq =LP’D2

ia
-(D2 - I@Np -

[
-D NptD - (~p

In thiscasetheterm ~LP is smallcomparedto I#fp andtheexpres-
sionfor C$ canbe approximatedas

Theratioofthetwocofactorsisthen

Whenthecomplexroot ~ . u + im= is substitutedfortheqperatorD,
this~ression istheratioofthefreeoscillatoryresponsesof q and
t atanytime t. Theratioof T tor isobviouslythesameandcan
be exp?essedas
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Theactualmagnitudeofthisratiois

-.

NACA“~ A52117

Inthisform lp/rlistheratioatanytime’t ofthe
theenvelcrpesthatenclosetheoscillatorymotionsof ~

● rateofdsmpingoftheenve.lqpe;and wi isthenatural
oscillation.When a isverysmallas comparedto (.III
ted;thus

.

.

—

----
— —

,--””

amplitudesof
andr; a isthe
frequencyof
itcanbeomit-

.

.

If Nprand% areknown,itisthenpossibletoevaluateLBt fran
measuredtimehistoriesof p andr.

.
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TABLEI.-PHYSICALCHARACTERISTICSOFTESTAIRPLANE *–
—

wing
Totalarea. . . . . . . . . . . . . . . . . . . . . .287.9sqft
Span.. . . . . . . . . . . . . . ●. . . ..* . . ..*37*lft
Aspectratio.. . . . . . . . .. ... . . . . . . . . . . . 4.79
Tqperratio.. . . . . . . . . . . . . . . . . . . . . . . . 0.51
Meanaerodynamicchord. . . . . . . . . . . . . . ● . .97.03in.
Dihedral.. . . . . . . . . . -. ~ . . . . . . . . . . . . . 3°
Sweepbackof quarter-chordline.. . . . . . . . . . . . . 35014?
Aerodynamicandgeometrictwist.. . . ... . . . . ● . c ● c c 2°
Root”airfoilsection(~ormalto quarter-
chordline).. . . . . . . . . . . . . .WCA OOW-64(modified)

TiTairfoilsection(normalto quarter-
chordline).. . . . . . . . . . . . . .NACA0011-@(m~ified)

Ailerons

Area,each. . . . . . .’.. . . . . . . . . . . . . . 18.6sqft
Span. . . . :. . . . . . . . . . . . . . . . . . . . . .9.18ft
Chord,average.. . . . . . . . . . . . . . . . . . , . .2.03ft
Deflection,maximum.. . . . . . . . . . . . ● . ~ho~, 14°d-

Inboardendat.. . . . . . ● . . . . . . . . . . . . . 31.6$b/2

Verticaltail

Area,tdtal.. . . . . . . . . . . . . . . . . .“.. . 34.4sqft
Span.. . . 6 . ● . . . . . . ● . ● ● ● ● ● . . ● ● ● ● ● 7=5ft
Aspectratio. . . . . . . . . . . . . . . . . . . . . . . . 1.74
Tayerratio.. . . . . . . . .. . . . . . . . . . . . . . . 0.36
Sweeybackof qwrter-chord”line.. . . . . . . . . . . . . 35°00?

Rudder

Area. . . . . . . . . . . . . . . . . .“.. . . . . . . 8.1sqft
man . . . . . . . . . . . . . . . . . . . . . . . . . ..6.6ft
Chord,average.. . . . . . . . . . . . . . . . . . . . .l.23ft
Deflection,maxhnum.. . . . . . . . . . . .24.80right,250left

Averageweightforcalculations.. . . . . . . . . . . . . 1-2$800lb
Momentof inertiaaboutX axis. . . . . . . . . . . 7,245slugft2
Momentof inertiaaboutZ axis. . .’. . . . . . . . 23,190slug ft=
Inclinationofprincipallongitudinalaxis
withrespecttofuselagereferenceaxis.. . . . . . . . . . -2.5°

.

.

.

#-
--
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TABLE II.- PARAMETERSUEEO IN ESTDM!l?lXG~PLANE RESPONSES

z
87.c
.51
,-

-1:;;

-.1025
.1100
-.690
-.360
-.0328
.157

-.1820

.0377
-.0730
.160
.112

-.Co%
.004

..oa92
-~.m
.378
5.24

Altltude,33,000feet

0.(
%2

125.2
.%

.$;

.0857

.lJA6
-.701
-.367
.0225
.130
.1852

.0102

.;:::

.114
.0020
.004

xn13
2.203
.438
7.25

0.1
681

170.[
.26
3.E
-375

-.0773
.1199
-.715
-.375
-.0160
.116

-.1896

.0138
-.0723
.160
.113
.0059
.004

.0cx176
2.667

●497
9.91

O.f
77E

222.;
.16
2.e
-83

-.0741
.1273
-*733
-.385
-.Olzn
.108

-.1970

.0155
-.0742
.160
.111
.0081
.004

i00070
,3.078
.573

13.40

:+;
;+;

281.8347.5
.13 .12
2.4 1.2
28 386

-.0721-.0768
.1366.1467
-.757-.782
-.39 -.414
-.0092-.9068
.106 .104

..2065-.2170

.0160.0183
-.0736-.0582
.160 .160
.089 .043
.0095.0105
.004 .004

i0C027-.0007’7’
-3.91-4.168
.679 .740
18.0323.45

Mtltude,10,000 feet

0,5 0.7 0.8
538 :$ 754 e62

254.7366.7499.0652.0
.17’ .12 .09 .07
2.1 1.3 ‘.8
124 331 469 &k

-.0627
.1.105
-.690
-.358
-.0113
.091

-.1817

-.0573-.053-.0571
.U44 .lm .1270
-.701~ 716 -.735
~.366 -.375-.386
L w76 -.co55-.0044
.082 .078 .076

-.1866-.1922-.1984

.0130.0160.0120
..0729-.0728-.0733
.160 .160 .160
.110 .110 .110
.00% .095 .0110
.004 .004 .034

.0203
-.0742

.160

.110

.0120

.004

m

00144.03153.CX)146.oo123
-4.77-5.87-7.01-8.17
.9101.1191.3221.524
12.7519.4828.3538.35

.

m
-J
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TKBIWIII.-lI?FEC~OF ~, ~, 1~, AND 7
COEFFICIENTSOFTHECHARACTERISTICEQUAT~

[A = (D- Xl)(D- Aa) (D2+ c~D+ C2)]

(a) Effectofvariationsin C%

Spiral RollingOscillatory
% ~root root mode

1 A2 cl C2

-0.10-0.oo16a -1.9510.235 5.55
-.05 -.00192-1.809 .378 5.24
0 -.00206-1.731 .455 5.10
.05 -.00223-I.646 .5414:96

[ (b)Effectofvariationsin C~V I

-.844i-.0520I-1.795I .342~5.12
(c) Effectofvariationsin In

(d)Effectofflight-~athangle
Y Al L2 c1 ‘2

-0.00192-1.8090.378 5.24
-3% -.0313 -1.812 .356 5.24
-9Q0 -.0595 -1.816 .314 5.2s
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Figure 2.- Two- view drawing of the test oirphne.
.



.

.

NACARMA52117

.
4

n ,,

0 /- \ \ e /— .

II
I i

4
I

I I I I I I 4

t--t%---- -Resultsof onologuecomputerm
-.41 I I I I J

~ —-
0 / 2 ,3 4 5 6 7

Time,~ sec
(oI Rudderpuke- typeinput.

Figure3.- Somp/eflightrecordsof yuwingve/ocity,rollingvelocit~
and sideslipangleut Q Muchnumberof 0.8/.
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Figure3.- Concluded.

.



.

.

.

.

. .

,-

20

8@ 16
k

\.s
~ 8
q
.s+
g4

o
220 \ \

\ \ \

;80 \
\

\
\ \ \

\
/40 \

%’ \ \ \\
b \

&+ /00 \\ \ \ \ \.
\

*’ k
b
s \l\’ \ \ \ ,

60
Q M=0.5I .62 .71 .82 92 102 1.03
8
2 \ ,/ ,

20 \ \ \ ‘ \
\ h

\ \ \ \
<
Y

-20

-600 / 2 34 5 6
Frequency,w, radians/see G

(a) Rolling velocity response to rudder input.

Figure 4.- Lateral - directionalfrequencyresponsesat variousflight
Machnumbersat733000 feet.
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Figwe 4.-Continued.
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(c) Sidesl@ongleresponseto rudderinput.

Figure4.- Continued.
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(d) Rollingvelocityresponseto aileroninput.

Figure 4.-Continued.
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(e) Yawing velocity response to uileron input.

Figure 4.- Continued.
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(a) Ro//ing velocityresponseto rudder input;

altitude, 34000 feet.

Figure 5.- Comparisonof experimentaland predictedk?teral-
directionalfrequencyresponsesat a Mach numberof 0.8/.
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o Experimentaldata- puke input”
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(c) Sidesl@ongle responseto rudder input;

Figure 5.- Continued.

altitude, 3~000 feet.
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Figure5.- Continued.
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Figure 6.- Varic?tionwith Mach numberof the coefficients
the characteristic equationA* , cl,0/?0’C*.
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